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NON-ABELIAN HIGHER DERIVED BRACKETS 



RUGGERO BANDIERA 



Abstract. Let M be a graded Lie algebra that splits, as a graded space, in the direct sum of 
graded Lie subalgebras L and A, with A abclian. Let D be a degree one derivation of M such 
that D^ = and D(L) C L, then Voronov's construction of higher derived brackets associates to 
D a Loo-structure on j4[— 1]. It has already been observed, and it follows from the results of this 
paper, that the resulting Loo-algebra is a weak model for the homotopy fiber of the inclusion 
of differential graded Lie algebras i : {L,D, [■,■]) —¥ (A/, D, [■, ■]). We prove this result using 
standard homology perturbation theory, in this way we also extend the construction when the 
assumption A abelian is dropped: the resulting formulas involve Bernoulli numbers. Finally we 
apply the developed theory to recover a number of results scattered in the literature by Bering, 
Cattaneo and Schatz, Chuang and Lazarev, Gctzler. 



Notations and conventions 



We work over a field K of cliaracteristic zero, graded will mean Z-graded. We use the notations 
and conventions on graded spaces set in [5], except we will denote with s~^V := V[l] the desuspen- 
sion of a graded space V. Let V = (Bi^zV^ be a graded space, we will denote with SV — ®i>o^®* 
,^ \ (resp.: SV = ®i>il^®*) the non reduced (resp.: reduced) symmetric coalgebra over V (where T/®" 

j^ ' is the space of coinvariants of V^" under the natural action of the symmetric group Sn, with the 

usual Koszul rule for twisting signs, y®'^ = K), and with the symmetric tensor product. 

For a graded Lie algebra M and a graded Lie subalgebra L C M we denote with Der(M) the 
graded Lie algebra of derivations of M and with Der(Af , L) C Der(M) the graded Lie subalgebra 
^ . of derivations D such that D{L) C L. 

I> 

^. 

O , 1. Introduction 

^, 

■^ , Higher derived brackets were introduced in a series of papers [15, 16] by Th. Voronov, as a 

^^ ' mean to produce homotopy Lie algebras from simple input data (other constructions had been 

" ' previously been considered by Koszul [10] and Kosmann-Schwarzbach [?]). Let M be a graded Lie 

algebra that splits, as a graded space, in the direct sum M = L (B A, with L and A graded Lie 
subalgebras and A abelian. For every element m oi M the higher derived brackets on A induced 
K> ' by m were defined in [15] as the graded symmetric maps 

C^ ! $(TO)i ■.A®'^A:aiQ---Qa, ^ P[- • ■ [[m, ai],a2] • • • , a^] 

for i > 1, $(m)o = Pm G A = Hom(A®'',A), where P : M ^ A is the projector with kernel 
L and graded symmetry follows easily from the hypothesis that A is abelian. The main result 
of [15] implies that if r?T, is a Maurer Cartan element of M, that is m S M^ is degree one and 
[m, m] = 0, then the $(m)i are the structure maps (Taylor coefficients) of a curved Loo[l]-structure 
on A. Recall that this means that if Coder(5'yl) is the graded Lie algebra of coderivations of the 
symmetric coalgebra SA and p : SA -^ A is the natural projection, then under the corestriction 
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isomorphisni 

Codcr{SA) ^ Rom{SA, A) ^JJ Hom(A®', A) : Q > pQ 

i>0 

the (degree one) coderivation <I>(77i) = (<i>(77i)o, . . . , $(m)i, . . .) squares to zero. In particular when 
TO G L we have <&(m)o = 0, thus $(to) restricts to a coderivation of the reduced symmetric coalge- 
bra SA: in this case under the decalage isomorphisms Hom(A®*, A) ^ Hom(A[— 1]^', yl[— !])[! — i] 
(cf. [5]) the ^{m)i turn into the structure maps of a strong homotopy Lie algebra structure, or 
Loo-structure, on A[— 1], as defined for the first time by Lada and Stasheff in [12]. 

In [16] the construction was extended to arbitrary derivations D of M: in this case the higher 
derived brackets on A induced by D are defined to be the graded symmetric maps 

$(L>), : A®' -> A:ai0---0aj ^ P[- ■• [1)01,02] •• • , a„] 

for i > 1, then the results of [16] imply that if D is degree one, D^ ~ and moreover D{L) C L, then 
under decalage the ^{D)i are the Taylor coefficients of an ordinary Loo-structurc on A[— 1]. In fact 
a more general statement was proved for both cases in [16], Theorem 3: that the correspondences 

* : Af -> Coder(S'^) : m -^ $(m) = ($(m)o, . . . , $(m)j, . . .) 

$ :Dcr(A/,L) -> Coder(^) : L> ^ $(L>) = {'^{D)i, . . . ,<^{D)i, . . .) 
are morphisms of graded Lie algebras. 

In the set up of the previous paragraph, it was also observed in [16], Corollary 4.1, that A[— 1] 
with the Loo-structure given by decalage of ^{D) is a weak model, in the homotopy category of 
Loo - algebras and morphisms, for the homotopy fiber of the inclusion of differential graded Lie 
algebras i : {L,D, [•, •]) — > {M,D, [■, ■]). Heuristically this explains the applicability of the higher 
derived brackets construction to the study of many problems in deformation theory ([6, 14]), in fact 
homotopy fibers naturally occur when considering semitrivial deformation problems (cf. [13, 5]): 
consider for instance the case of deformations of a coisotropic submanifold of a Poisson manifold, 
where the usual approach using higher derived brackets [14] can be paralleled with the more recent 
one in [1] using homotopy fibers, cf. Example 5.6. Finally it was suggested at the very end of [16] 
that this relation with homotopy theory could be exploited to study higher derived brackets when 
the abelianity assumption on A is dropped; this is what we try to do in the present paper. 

We consider a Loo model for the homotopy fiber of i : {L,D, [■, •]) — J> {M,D, [■, ■]) introduced 
by Fiorenza and Manetti in [5] : the tangent complex is the usual mapping cocone of the inclusion 
i : (L, D) — > (A/, D) in the category of complexes, and j4[— 1] with the differential given by decalage 
of $(L')i = PD is a homotopy retract of it; moreover, this remains true with no assumptions on A 
needed except to be an algebraic complementary to L in M. From standard homotopical transfer 
of structure (cf. [5, 9]) it is induced a Loo-structure on j4[— 1]: this can be computed explicitly 
using well know formulas (cf. loc. cit.), and in fact when A is an abelian Lie subalgebra of M one 
recovers this way the Loo-structure given by decalage of ^{D). The computation can be carried 
over for A a graded Lie subalgebra of M, not necessarily abelian, though we will not present it: 
this is how we originally arrived at the following definition. 

Definition 1.1. Let Af be a graded Lie algebra that splits, as a graded space, in the direct sum 
M = L (B A oi graded Lie subalgebras L and A. For every to G Af we define the higher derived 
brackets ^(to)^ : A®' -^ A on A induced by to, for i > 0, by $(771)0 = P'm E A = IIom(A®°, A) 
and for i > 1 

i—k 

$(m)j(ai • • ■ a,) == ^ £(cr) ^ kia'l k)i ^' ' i^^i' " t"^' "'^(1)] ' " ' ' «'^(fe)])' «T(fc+i)] ' ■ • , aa{i)] 

aeSi k=0 '^^ '' 
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where s{a) is the Koszul sign of the permutation a apphed to oi • • • (g) fli and the Bj are the 
BernoulU numbers. 

For every D G Der(A/, L) we define the higher derived brackets $(-D)i : A®' -^ A on A induced 
by D, ior i > 1, by 



k\{i-k)\ 

a£S, k=l ^ ' 



For instance 



$(£»)! (a) =PDa, <P{m)i{a) ^ P[m,a] - -[Pm,a] 



<^{D)2{ai Q a2) = ^ £(cr) f -P[L»a^(i), a^(2)] - -[PDa„^i^,a„^2)]] , 
$(771)2(01002) = ^ £(cr) I -P[[77i,a^(i)],a^(2)] - -[P[777.,a^(i)],a^(2)] + — [[P?7i, a^(i)], a^( 



creS2 

•i\l_ (7, _(n\l f Pf777,_ (7,_/i \1. n.«/^^l + 

0-GS2 ^ 

Some remarks are in order with the above definition: first, the brackets take values in A since 
A is supposed to be [•, -J-closed; second, even for i > 1 and ad tti S Der(M, L) (that is, m in the 
normahzcr of P in M) we have $(77^)^ 7^ $(ad 771)^ unless 777 G L, so the two constructions shouldn't 
be confused in general (for m € L, however, we have ad 777 G Dcr(Af , L) and $(777) = $(ad 777)); 
finally, the occurrence of Bernoulli numbers in the formulas for the brackets shouldn't be too 
surprising, in light of their occurrence already in the formulas from [5] , as well as in some related 
computations from Bering [2] and Getzler [7] . That this is a reasonable definition follows from the 
fact that they reduce to the ones introduced by Voronov when A is abclian (this is straightforward, 
cf. Lemma 4.3), from the sketched connection with homotopy theory and from the following 
theorem, which will be proved in Section 4. 

Theorem 1.2. If M ~ L(BA, L and A graded Lie subalgebras, then the following set of identities 
hold for every D, Dk G Der(M, L), m,mk & M, k = 1, 2; 

(1.1) [$(7771), $(7772)] = $([7(1.1, 7n.2]) 

(1.2) [$(I?l),$(i?2)]=*([^l,^2]) 

(1.3) [*(-D), $(777)] = $(i:>777) 

where the bracket in the LHS is the usual (Nijenhuis-Richardson) bracket of coderivations. Thus, 
in particular, the higher derived brackets constructions define morphisms of graded Lie algebras 
$ : M ^ Coder(S'A) : 777 -^ $(777) and $ : Der(A/, L) -^ Coder(S^4) : D -^ $(£»). 

To prove the above theorem we imitate a construction from [16], Section 4: namely we show that 
ii D e Der^(A/, L) and I?^ = we can put aioo[l]-structure R — (ri, . . . , r^, . . .) ons~^M(BA, with 
the family of Taylor coefficients r^ : {s~^M © ^)®' — ^ s~^M © A defined, under the isomorphism 

{s-^M © A)®* = ©l.=o(«"^*^)®'' ® A©*-'^, by 

ri{s~ m,a) = {—s^ Dm, P{Da + m)), 

r2{s~^mi 0.5^^7772) = (-l)l™lls"^[777l,7(72], 

r,(ai ■ • ■ fli) = ^{D),{ai ■ • • a,), 
rj-|.i(s~^7r7 ai ■ • • a,;) = $(777),;(ai • • • a^), 
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for i > 1, and R — otherwise. The corresponding Loo-algebra is a mapping cocyhnder, in 
the category of ioo-algebras and niorphisms, of the inclusion of differential graded Lie algebras 
i : {L,D, [■,■]) — > (M, _D, [■, ■]): in particular the construction implies that A[— 1] with the Loo- 
structure given by decalage of $(-D) is a homotopy fiber of i. 

The last section is devoted to applications of the developed theory. We are able to easily recover 
a number of results scattered in the literature, these are: results of Cattaneo and Schatz [3] about 
some invariance properties of the higher derived brackets construction; a theorem of Chuang and 
Lazarev [4], stating that every ioo[l]-algebra {V,Q), Q £ Coder^(S'y), [Q,Q] = 0, is homotopy 
equivalent to the Quillen construction on the homotopy fiber of the inclusion of DGLAs 

I : (Coder(^), [Q, ■], [•, •]) -^ {CodcY{SV), [Q, ■], [■, •]); 

a construction of higher derived brackets on the negatively graded part of any DGLA due to 
Getzler [7]; (conjecturally) a hierarchy of higher brackets, introduced by Bering [2], associated 
to an operator over a unital associative algebra A, reducing to the usual higher Koszul brackets 
from [10] when A is commutative; the extension of the results of the author and M. Manetti [1] 
to the study of coisotropic deformations in the differentiable setting. Finally we obtain a simple 
necessary and sufiicient condition for a Loo-algebra to be homotopy abelian (Theorem 5.4) of which 
the author, most likely due to his own ignorance, wasn't aware. 

Acknowledgments. The author thanks his Ph.D. advisor. Prof. Marco Manetti, for encouragement 
and for suggesting to him the problem; he also thanks Domenico Fiorenza for numerous and useful 
discussions on the subject of the paper. He finally thanks Alessandro D'Andrea for some useful 
suggestions. 

2. Review of Loo[1]-algebras 

In the body of the paper we will work, mostly, in the category of Loo [l]-algebras and morphisms. 
This is isomorphic to the usual category of Loo-algebras from [12] via the so called decalage 
isomorphisms (cf. [5] for the definition): these give a bijective correspondence from the set of 
Loo-structures on a graded space V to the set of Loo[l]-structures on the space s~-^V = V[l]. 

Let p : SV -^ F®^ = V (resp.: p : SV — > V) denote the natural projection, then corestric- 
tion induces isomorphisms of graded spaces from the the graded Lie algebras Coder(S'y) (resp.: 
Coder(S'y)) of coderivations 

Coder(S'V^) ^ Hom(S'F, 1^) = H Hom(F®', V) : Q > pQ 

i>0 

Coder(W) ^ Hom(SV, ^) = H Hom(l/®\ V) : Q > pQ 

i>i 
If Q G Codcr(S'y) let pQ = q = (go, ■ ■ ■ ,qi, ■ ■ ■), we call qi : F®' —^ V the i-th Taylor coefficient 
of Q, notice that the 0-th Taylor coefficient qo is just an element of Hom(y®°, V) = V; similarly 
if Q G Coder(S'V^). The inverse of the first isomorphism sends {qo, . . . ,qi, . . .) to the coderivation 
given by Q(l) = qo and 

i 

Q{viQ---Qvi) = qoQviQ---QVi + ^ ^ e(o')gfc(w<T(i) ' • ■ w<T(fe)) 0'y<T(fc+i) 0---0w<T(i) 

k=la£S{k,i-k) 

where S{i,j) is the set of (i, j)-unshuffles, i.e., permutations a G S'i+j such that cr(l) < ■ • • < (7{i) 
and a{i + 1) < • ■ • < u(i + j), and e{a) = e{a; vi, . . . , Vi) is the Koszul sign. The inverse of the 
second isomorphism is given by the above formula minus the term qoQviQ- ■ -Qvi. Coderivations 
such that qi = ioT i ^ 1 are called linear. 
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Remark 2.1. There is a natural embedding i : Coder(S'T^) -^ Coder(S'y), given in Taylor coeffi- 
cients by (gi, . . . , (jj, . . .) — !■ (0, gi, . . . , Qj, . . .), that identifies Coder(S'F) with the sub Lie algebra 
of coderivations Q G Coder(S'y) such that Q{1) = 0. This embedding fits in an exact sequence of 
graded spaces 

(2.1) -^ Coder(SV) A Coder(S'y) -^ V ^ 
where e is the evaluation morphism Q —5- Q(l). 

On Coder(S'F) it is defined a right pre-Lie operation, that we denote by •, inducing the usual 
Lie bracket, namely Q • i? is the coderivation given in Taylor coefficients by pQR. More explicitly: 

i 

{Q»R)i{vi ©•••0Wi) = ^ ^ £(cr)(7j„fc+i(rfc(w<^(i) • • • w<j(fe)) w^(fc+i) •••0Wo-(i)) 

k=0 aeS(kA~k) 

The bracket on Coder(5F) can be calculated in Taylor coefficients by the above expression via the 
rule [Q, R], = (Q • R), - (-1)1011^1 (i? . Q),. 

Remark 2.2. Given v ^ V, denote with L^ G Coder(5y) the coderivation given in Taylor coeffi- 
cients by (u, 0, . . . , 0, . . .), i.e., 

Ly{l) = V, Ly{vi Q ■ ■ ■ Q Vi) = V Q vi Q ■ ■ ■ Q Vi 

Notice that L : V —^ Coder(5F) : v ^ L^ splits the exact sequence (2.1), and the image is an 
abelian Lie subalgebra of Coder(iS'T^). Also notice that [Q,Lv] = Q • L„, for every v &V and 
Q G Coder(S'A), is the coderivation given by [Q, Ly\i{vi • • • w,;) = qi+i{v wi • • • w,;) for 
every i > 0. 

Finally, given graded spaces V , W, every morphism of graded coalgebras F : SV — > SW is 
determined by its corestriction (/i, ...,/;,.. .) = pF : SV — > W, by the rule 

Fl:{vi&---QiH)^- Y. Y. e(CT)/^-^ («,(!) 0...)0...0/^- J... 0v,(,)) 

' iiH — \-Jk=i<jes{ji,....jk) 

where Fj' is the composition F®* — >■ SV — > SW -^ W'^'', and F^*^ = if fc > i (and conversely 
this defines a morphism of coalgebras for any (/i . . . , /i, . . .) : SV — ?• W). Recall ([9]) that F is an 
isomorphism (resp.: monomorphism, epimorphism) if and only if its linear part /i is. A morphism 
F such that /,; = for i > 2 is called linear. 

Definition 2.3. Given a graded space V, a Loo [1] -algebra structure on V is the datum of a degree 
one (qi,. . . ,qi, . . .) = Q e Coder^(S'F) such that Q"^ = Q»Q = ^[Q^Q] = 0. Given Loo[l]-algebras 
{V,Q) and {W,R), a ioo[l]-inorphism between them is a coalgebra morphism F : SV -^ SW 
commuting with the codifferentials, i.e., such that FQ — RF = 0. A Loo[l]-algebra (V, Q) is called 
abelian if Q is a linear coderivation. 

Remark 2.4. In particular = gi ^, the differential graded (DG) space (V, gi) is called the tangent 
complex of the Loo[l]-algebra (V, Q), as in remark 2.2 it fits in an exact sequence of DG spaces 

(2.2) ^ (Coder(:s7), [Q, •]) ^ (Codcr(5y), [Q, ■]) ^ {V, qi) -^ 

Example 2.5. Given a differential graded Lie algebra (DGLA) {L,d, [■, ■]), it is defined a Loo[l]- 
structure Q on s^^L by the rule qi{s^^l) = —s~^dl, q2{s~^h s~^l2) = (— l)''^'.s^-'^[/i, I2], qt ^ 
if i > 3, this is called the Quillen construction on L ([8]). A morphism of DGLAs induces a linear 
morphism between the corresponding Quillen constructions, in this way the category of DGLAs is 
faithfully (not fully) embedded in the category of Loo[l]-algebras. 
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A morphism F : (V, Q) -^ {W, R) of Loo[l]-algebras is a homotopy equivalence (or weak equiv- 
alence) if its linear part /i is a quasi isomorphism of the tangent complexes. 

Definition 2.6. A Loo[l]-algebra {V,Q) is homotopy abelian if it is homotopy equivalent to an 
abelian one. Consider qi as an abelian ioo[l]-structure on V: structure theory of Looill-algebras 
(cf. [9]) shows that {V,Q) is homotopy abelian if and only if {V,Q) and {V,qi) are isomorphic 
Loo [1] -algebras. 

We end this section by recalling the theorem on homotopical transfer of structure: this says 
that Loo [1] -structures (unlike, for instance, DGLA structures) can be transferred along homotopy 
retractions. It is a major result in the theory of Loo[l]-algebras, since it allows to define a (well 
defined up to isomorphism) Loo[l]-structure on the homology of the tangent complex of a given 
Loo[l]-algebra (the resulting Loo[l]-algebra is known as the minimal model) retaining all of the 
homotopical information about the original algebra, cf. [9] . The version we give here is taken from 
[5], Theorem 4.1, for a nice proof the reader is referred to the arXiv version of the paper. 

Definition 2.7. Given a pair of DG spaces {V, qi) and {W, ri), we call homotopy retraction data 
from V to W the data of a pair of DG morphisms tt : V ^ W, fi : W ^ V and a contracting 
homotopy K G Hom^^(V, V) such that 

tt/i = idw 
Kqi + qiK = /itt - idy 

Tiieorem 2.8. (Homotopical transfer of structure) Let {V,Q) he a Loo[l]-ffl^ffe6ra, {W,ri) a DG 
space and t: , /i, K homotopy retraction data from (V,gi) to (W,ri) as in the previous definition. 
Let q = pQ, q+ = q — qi, then there exists an unique morphism of coalgehras F : SW — > SV such 
that pF = /i -\- Kq-\-F. Moreover, if R & Coder [SW) is the unique coderivation with corestriction 
pR ~ ri + TTQ-i-L', then R is a Lao[l]- structure on W and F : (W, R) — > (V, Q) a Loo[l]-morphism. 

Notice that homotopical transfer of structure produces a weak equivalent Loo[l]-algebra, with 
F : (W, R) -> (y, Q) an explicit homotopy equivalence. 



3. Mapping cocone and mapping cocylinder 

Given a DGLA (L, cii, [•, •]) and a differential graded algebra (DGA) [A, dA, ■) there is a natural 
DGLA structure on the tensor product A ® L, with differential dA <E) id/, +idA<E}dL and bracket 
[01(8)^1,02 0^2] = (-l)''ill°"loi02(8)[/i,Z2]- Wh.euA = K[t,dt] is the DGA of polynomial forms on 
the line (that is the graded K -algebra freely generated by t in degree zero and dt in degree one, and 
with differential d{t) = dt and d{dt) — 0) and L a DGLA the corresponding DGLA will be denoted 

with L[t,dt]. For every s G K the evaluation Cg : L[t,dt] '- > L is a quasi isomorphism, left 

inverse to the natural inclusion L — >■ L[t,dt] : I ^ 1 (E) I] formal integration in t induces degree 
minus one operators L : L[t, dt] — ;> L[i, dt] and L : L[t,dt] —¥ L. 

Definition 3.1. Given a pair of morphisms of DGLAs f : L ^ M and g : N ^ M, the homotopy 
fiber product of L and N along / and g is by definition the DGLA 

Lx'IjN ^ {(/, n, m{t, dt)) e L x N x M[t, dt] s.t. eo(m(t, dt)) = f{l), ei{m{t, dt)) = g{n)} 



Given a DGLA morphism f : L ^ M the homotopy fiber of / is by definition the homotopy fiber 



product Kf = x'Ij L along the trivial morphism and /. 
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Denote with {i3i}igp} the sequence of Bernouhi numbers, i.e., the sequence of (rational) numbers 

defined by the power series expansion at zero of ^t^j = J2i>o 1^^^ ~ ^^i^+l! I^'^ + 3T(^i^)**^ • 

This is sometimes called the first sequence of Bernoulli numbers, occasionally we will use the 
notation Bi{0) :~ Bi to distinguish it from the second sequence of Bernoulli numbers defined by 
5,(1) ■- (-l)'B,; recall that ^2^+1(0) = ^2^+1(1) = for i > 1. 

The next theorem was proved in [5], Theorem 5.5. 

Theorem 3.2. Let Kf be the homotopy fiber of a morphism of DGLAs f : L ^ M, {s^^Kf,Q) the 
Lca[i]- algebra given by the Quillen construction. Let (C/,ri) be the desuspended mapping cocone 
of f in the category of complexes, that is 

C/ = s-^L®M, ri{s-H,m) = {-s-^dLl^dum - f{l)). 

It is defined homotopy retraction data from [s^^Kf^qi) to (C/,ri), as in definition 2.1, with the 
DG morphisms Tr{s^^{l,m(t,dt))) = (^ "'^^/n ra{t,dt)) and fi(s^^l,ra) = s^^{l,t- f{l) + dt-m) and 
the contracting homotopy K(s~^{l,m(t,dt))) = ■^"^(Oi/n rn{t,dt) — t ■ L m(t,dt)). The resulting 
Lao[\]- structure R on C/, obtained via homotopical transfer of structure (Theorem 2.8) is given in 
Taylor coefficients (under the isomorphism [s^^L © M)®' = X]fc=o(*~"^^)®'^ ® M®'~'^^ by 

r2{s-HiQs-H2) = {-lf'\s-^[h,l2], 
ri+i{s~^l (g) mi • • ■ TOi) = — ^ ^ e{a)[- ■ ■ [f{l), m<^(i)] • ■ • , m<^(i)] 

cr6S. 

for i > I, and R ~ otherwise. 

We call C/ with the Loo[l]-structure from the above theorem the mapping cocone of /, we will 
also use a similar construction for a mapping cocylinder. Let Hf = M x^^ L be the homotopy 
fiber product along idM and /, {s~^Hf,Q) the Loo[l]-algebra given by the Quillen construction. 
Let (Cylf,ri) be the desuspended mapping cocylinder of / in the category of complexes, i.e., 

Cyly = s"^L©s"^A'/©M, ri{s^^l,s~^m,n) = {-s^^dLl, -s^^dMm,dMn + m - f{l)). 

As before we can define homotopy retraction data from {s~^Hf, qi) to (CyL , ri): this time wc put 
Tr{s~^{l,m,n(t,dt))) = (s~^l,s~^m, J^ n{t,dt)), 

fi{s^ I, s~ m, n) = s~ {I, m, t ■ f{l) -\- {1 — t) ■ m-\- dt ■ n), 

and finally K{s~^{l, m, n(i, dt))) — s"^(0, 0, /^ n{t, dt) — t ■ J^ n{t, dt)). We leave to the reader to 
check that this is in fact homotopy retraction data as in Definition 2.7. 

Theorem 3.3. The Lao[l]- structure R = (ri, . . . , r^, . . .) on CyL, obtained by applying homotopical 
transfer along the above defined homotopy retraction data, is given by 



r2{s-Hi S-H2) = (-l)l'^ls-i[/i,/2], r2(s-imi s-^ms) = (-l)l"ils-i[mi, ma] 

5,(0) 

B^{l) 



ri+i{s ^;0ni 0---0n,) = ^ ^ e(cr)[- • •[/(?), ?t.<^(i)] •■ • ,ria(,)], 



ri+i{s V0ni 0---0ni) = -^-^ ^ e(cr)[- • ■ [m, n^(i)] • • • ,n<^(i)] 
for i > 1, and R = otherwise. 
Proof. Omitted, this can be given following closely the argument from [5], Section 5. D 
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Wc call Cylj- with the Loo[l]-structurc from the above theorem the mapping cocylinder of /, 
notice that the pair of linear Loo [l]-morphisms s~^L — > CyL : s~^l — ^ {s~^l,s~^f{l),0) and 
Cylf — ^ s~^M : {s~^l,s~^m,n) — )• s~^m give a factorization s~^L — ^ Clyh- -^ s~^M of the 
Quillen construction on / as a weak equivalence followed by an epimorphism (i.e., fibration) of 
Loo[l]-algebras. 

4. NON-ABELIAN HIGHER DERIVED BRACKETS 

Let M be a graded Lie algebra and suppose that M splits, as a graded space, in the direct sum 
M = L (B A oi graded Lie subalgebras L and A, the last one not necessarily abelian. We denote 
with P : M —^ A the projection with kernel L and with P-*- = idM —P- We also denote with 
Der(M, L) the Lie algebra of derivations D G Der(M) such that D{L) C L: as in [16], it is easy to 
see that this is equivalent to the identity 

(4.1) PDP = PD 

for D. We are going to extend to this setting Voronov's constructions of higher derived brackets 
from [15; 16]. 

Definition 4.1. For every m € M, the higher derived brackets on A induced by m are the 
multilinear symmetric maps $(to),; : A®* -^ A, i >0, defined by 

i—k 

$(m)j(ai0---0a,) = ^ g(g)X! fclf/IfcV [' ' ' [-P([- ' ' N' "'tCi)] ■ ■ ■ , a<T(fe)]),a<T(/c+i)] • ■ • ,a<T«] 

a-eSi k=0 '^^ '■ 

for i > 1, $(m)o = Pm £ A^ Hom(0°^, A). 

For every D g Der(M, L) the higher derived brackets on A associated to D are the multilinear 
symmetric maps ^{D)i : A®* —^ A, i > 1, defined by 

i—k 

We denote with ($(r7T,)o, . . . , $(m)i, . . .) = $(to) e Coder(S'A) the corresponding coderivation, and 
similarly for ($(£>)!, . . . , $(£>)», . . .) = $(i:') £ Coder(S^). 

Remark 4.2. If / G L, then ad / G Der(A/, i), and in this case the two constructions coincide, i.e., 
we have i'(ad I) = ^{l). However, if ad tti G Der(M, L), that is m is in the normalizer of L in M, 
but m ^ L, then $(ad m) 7^ $(to), as the two differ by the terms involving Pm. 

If A is abelian, only the k = i term in the summation for the brackets remains. Moreover, 
it was proved in [16] with a simple induction that for any derivation G Der(M) the maps 
j^»i ^> M : fli ••• ® fli —!>[•■ • [9ai, 02] • • • , a^] are graded symmetric. From this, the following 
lemma follows straightforwardly. 

Lemma 4.3. // A is an abelian Lie subalgebra, then the brackets in Definition ^.1 reduce to 
$(m)i(ai • • ■ © ai) = P[- ■ ■ [m,ai\ ■ ■ ■ ,0^], i > 1, $(m)o = Pm, for m G M , and reduce to 
$(Z?)i(ai • • • ©Oi) = P[- ■ ■ [Dai, 02] ■ ■ • , ^i], « > 1, for D G Der(M, L), i.e., they are the same as 
the ones introduced by Th. Voronov in [15, 16]. 

The aim of this section is to prove Theorem 1.2 from the introduction. Following the strategy 
outlined there, this will follow from the next proposition. 
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Proposition 4.4. If D £ Dcr^(M, L), let R — {ri, . . . ,ri, . . .) be the coderivation on s~^M © A 
defined in Taylor coefficients by 

ri{s~ m,a) = {—s^ Dm, P{Da + m)) 
r2(s"^mi 0s~^m2) = (-l)l"ils"^[mi, TO2] 
riiai • ■ • a,) = $(£')^(ai ■ • • Oi) 
ri+i{s~^m(g)ai Q ■ ■ ■ Q ai) = $(m)i(ai ■ • • a^) 

/or i > 1, and R ~ otherwise. Then R^ = (r^ 1, . . . , r^ i, . . .) is i/ie coderivation defined in Taylor 
coefficients by 

r'^i{s~'^m,a) = ri ^(s^^to, a) = {s-^D^m, PD'^a) 

r^ ,(ai • ■ • ai) = $(i:»2),(ai ■ • • a^) 

for i > 2 and R^ = otherwise. In particular if D^ = then R is a L^[l\- structure. In this 
case the resulting Loo[l]-a^5e6ra [s^^ M ® A, R) is a mapping cocylinder, in the category o/Loo[l]- 
algebras, of the Quillen construction on the inclusion of DGLAs i : {L, D, [•, •]) — > (M, D, [■, •]); in 
particular it is homotopy equivalent to the Quillen construction on {L,D, [•, •]). 

Proof. Let (Cylj, Q) be the mapping cocylinder for tire inclusion i as defined in Theorem 3.3. Since 
we are not assuming D^ = 0, in general qi{s~^l, s~^m, n) = (—s~^Dl, —s~^Dm, Dn + m — I) will 
not be a differential, and in particular Q will not be a Loo[l]-structure on Cylj: we claim however 
that Q^ = qi ^ is a linear coderivation, the proof will be postponed to the end of the demonstration. 

Define the following "homotopy retraction data" from (Cylj,(7i) to {s~^M (B A,ri) 
IT : Cylj -^ s^^M © A : {s~^l, s^^m, n) > {s^^m, Pn) 

/i : s~^M ®A^ Cylj : {s~'^m,a) > {s^^P^{Da + m),s'^m,a) 

K : Cyl, -^ Cyl, : {s-H,s~^m,n) > (s"ip^n,0,0) 

When D^ = we are in fact the set up of Definition 2.7, we leave to the reader to check (one 
should recall Equation (4.1)) that in general the identities 

7r./i = ids-iMeA, Kqi + qiK = /itt - idcyi, , riir = irqi, 

remain satisfied. 

The proof proceeds as follows: first we show that R in the claim of the proposition is induced 
via homotopical transfer of structure (Theorem 2.8) from Q along the above defined homotopy 
retraction data, that is we find F : S{s^^M © A) — >• 5 Cylj such that pF = fi + Kq+F, and then 
show pR = ri + TTq^F, as in the claim of Theorem 2.8. Having done this, in order to compute 
R^, we will give a slightly modified version of the usual proof of 2.8 (cf. [5], the arXiv version. 
Theorem 4.1): the argument will depend on the claim Q^ ~ qi ^ . 

We show that F is given in Taylor coefficients by 






f^{alQ■■■Qa^)^ { s ^ - Y^ e(fT)P^[- • • [ZJa^d), a^(2)] • • • ,a^(,)],0,0 , i>2 



fi+i{s ^m0ai0---0aj)=: s ^- V] e(cr)P-'-[- • ■ [m, ao.(i)] • • • , ao-(i)], 0, , i > 1, 
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and F — otherwise. We have to check that the identity fi — J2]=2 ^Ij^i holds for every i > 2, 
recaU that F^ is given by the formula 

•'' ki+---+kj=icreS{ki,...,kj) 

For z = 2 we have 

q2F^{ai as) = q2{{s-^P^Dai,0, ai) (s-^P^Daz, 0, as)) = 
= q2{s-^P^Dai s-^P^Da2) + q2{s-^P^Dai as) + (-l)l°ill°^lg2(s-^P^i:'a2 ai) = 

= ( (-l)l''^l+'s-i[P^Z?ai,P^i?a2], 0, ^ E £(^)([^«a(i),aa(2)] - [P^a.(i), a<x(2)]) ) 

Similar computations show that 

q2F^{s-^mi 0S-V2) = (-l)l™il (s^i[P^mi,P^TO2],s~Mmi,m2],0) 

q2-F|(s"^m0a) = ( (-l)l™ls"i[P^7n, P-^Da], 0, [m, a] - ^[Pto, a] j 

Using the fact that A is [■, -J-closed, we see that 1^(72 P2 ^i^^d 7rq2P2 coincide in fact with /2 and r2 
previously defined. 

Next consider {q+F)i = X!j=2 IjFl for i > 3. To simplify the computation, notice that in order 
to compose with K we are only interested in pMiq+F)i, where we denote with pM the natural 
projection from Cylj ~ s^^P © s~^M © M to M, while in order to compose with tt we also need to 
consider Ps-ij^j{q^F)i: but the last one is always zero for i > 3. To prove this point, let (s^^ A/, S) 
be the Quillen construction on (M, D, [•, •]), then it is plain that considering Ps-^u ■ Cylj -^ s^^M 
as a linear morphism of coalgebras Ps-^mQ = Sp^-iM, so that Ps-^mQj — for j > 3 and thus 
Ps-i]^j(q^F)i — Ps-^mQ2F^ = S2Ps-^MFf'i it follows from the definitions that Ps-'^AiFf = for 
i > 3 and so we are done. 

To compute pMqjFf when 2 < j < i, we see by looking at the formulas for the qj that the only 
part in the summation for Ff not lying in Ker puqj can be rewritten as 

-^ E ^M/w+i(---)0/i(---)0---0/i(---) 

Under the isomorphism [s^'^ M (S) A)®^^^ ~ X]fc=o s^^M®'^0A®*^'^+-'^ this vanishes except on terms 
of the form ai • • • a^ and s~^m ai • • • a^-i. Using symmetry of /i_j+i, for 2 < j < i we 
can write 

PMq]Fl{ai Q ■■■Qa.i) = 

" a ^lV(i- i + lV ^ '^(^W* (/«-j+i(aa(i) • ■ • a<,(,_j+i)) a„(,_j+2) ■ • ■ a<,(,,)) = 

= ' (j -- l)\(^l J + l)\ H e(f^)[---[^^([---[^«-(l)'«-(2)]---])'«^(»-J+2)]--- ,M')] 

In the same way, for 2 < j < i 

PMq]Fl_^As''^m ai • • • Ci) = 

i-i 
?. - — 



' ^ Yj! ^ ^'-'^^['■'[^^'-[■■'['^'"'^(i']'"]^'"'"(*~^'+2)] 



(j-l)!(*-^- + l).^,,^ 



V(i)J 
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The remaining terms to consider are 






and 

PMQi+iFl^i is^^m'g)ai(3- ■ -Qai) = pA/gj+i(s"^P^m®ai0- • ■(Dai)+pMqi+iis^^rn<S)aiQ- ■ -Oa^) 
o. p. 

Finally, after a change of variable k = i — j + 1, we see that 

PMq+F{ai • • • ai) = ^PMQjF^iai • • ■ a^) = 



i-i „ 



J=2 

i — fc 



Z! fclf/_fcV Z! ^(^) [■ • • [ -Pd- ■ • [-Oa-(i) ' «-(2)] •■•])' a-(fc+i)] ■ • ■ ' a-w] + 



i-i 

Oi-k 



Z ITTT^TV Z £M[---[£'aa(i),a^(2)]--- ,a<Tw] 



\ fc=i ^ ' / ueSi 

We use the well known identity X]fe=o ^k\ . 1=0 fo'" * > 2 in order to conclude 



PMq 



+ F{ai Q---Qai) ^ - ^ £{(j)[- ■ ■[Da^(i),a„(^2)\- ■ ■ ,a<T(i)] + 



I. 

creSi 
. -, i — k 

In the same way 

PMq+F{s~'^m ai ■ • ■ fli) =: - ^ e(cr)[- • ■ [m, a^(i)] • • • , a^(i)] + 

. , i — A: 

fc=0 '^ '^' <J£S, 

Since A is [•, -J-closcd the above computations show pF = /i + Kqj^F and pi? = ri + irq^F, ending 
the first part of the proof. 



At this point, consider the F-coderivation FR — QF : S{s~^M A) — > S'Cylj, following closely 
the proof of Theorem 4.1 in [5] (the arXiv version), we see that 

p{FR - QF) = (/i + Kq+F)R ~ qF ^ hpR + Kq+FR - {q^ + q+)F = 

= h{ri + irq+F) + Kq+FR - qi{h + Kq+F) - q+F = 

= ifiri - qifi) + ifiTT - idcyi, -qiK)q+F + Kq+FR = 

= ifiri - qifi) + Kqiq+F + Kq+FR 

By the yet to be proved claim 

qi^ = pQ^ = qiQ + q+Q = qi^ + qiq+ + q+Q => qiq+ = -q+Q 
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and it follows 

(4.2) p{FR - QF) =. (An - gi/i) + Kq+{FR - QF) 

We put FQ - RF = iJ = (/ii, . . . , /i^, . . .), so that (4.2) reads pH = hi+ Kq+H. A plain direct 
inspection shows that hi{s^^m) — 0, hi{a) — [s~^P-^D'^a, 0,0): using this as inductive basis, we 
show that H is given by 






/ij(ai •■•0ai) := I s - 2^ e(CT)P [•••[£) a^(i),a<^(2)] ••• ,a^(i)], 0,0 
\ *■ o-eSi 

and H = elsewhere. This follows by induction, using (4.2) and 
i-j+i 
-ffj(ai ©•••©a,) = ^ ^ e(CT)/ifc(a^(i) © •■•©a„(fe))©i^/rj.^(a^(fc+i) ©•••©a<^(,)) 
fc=i o-es(fc,i-fc) 

together with a series of computations completely similar to the previous ones, that in the end 
lead to 



(4.3) pMq+H{ai © ■ • ■ © a,) = - ^ e(a)[- • • [£»' 






2 1 1 

«(T(i)7a<j(2)J ■ • ■ ,a(j(i)J 



fc=l ■*■ '' creSi 

and pAiq^H = elsewhere: composing with K proves the inductive step. 

In order to conclude the argument, first notice that r^ i = ri ^ is clearly as given in the claim 
of the proposition (cf. Equation (4.1)), then we follow again the proof of [5], Theorem 4.1, to get 

pR^ = (ri + ■nq+F)R = ri ^ + riirq+F + irq+FR = 

^r\+ rn:q+F + nq+QF + Trq+{FR - QF) = 

= r^ 1 + (riTT - ■7Tqi)q+F + nq+H = r^ i + irq+H 

Finally (4.3) imply the thesis about R^, and the last statement is obvious from the given proof. 

It remains to prove the claim that Q^ = 91^, for this let Hi = M x'lj L he the homotopy fiber 
product along idM and i, let D act in an obvious way as a derivation of Hi and let {s~^Hi, S) 
be the Quillcn construction on {Hi,D, [•, •]): since D is a derivation, in this case it is plain that 
S^ = si ^. Wc can define homotopy retraction data from {s~^Hi,si) to (Cylj, gi) as in Theorem 3.3 
and Q is induced by S this way: noticing that neither q^, s_|- nor the homotopy retraction data 
depend on D, this follows for instance from the same statement for D = 0, thus it follows already 
from Theorem 3.3. Finally if F : S'Cylj -> S{s~^Hi) is such that pF = /i + Ks+F, reasoning as 
before we see p{FQ - SF) = {hqi - si/i) + Ks+{FQ - SF) and pQ^ = qi'^ + ns+{FQ - SF). 
Starting with {fiqi — si/i) — the first identity implies inductively that FQ — SF = 0, and then 
the second implies the claim. D 

Remark 4.5. When L C M is an ideal, then P : M ^ A is a morphism of graded Lie algebras. 
One can check that in this case $(771)^(01 © • • ■ © a^) = '-i ' "^^^g. £(c)[- • • [Pm, flo-fi)] ' ' ■ 1 flcr(i)]: 
while $(£>)! = PD and ^{D)i = for i > 2. The resulting ioo[l]-structure on s~^M © A is 
then essentially the same as the one defined in Theorem 3.2, that is the mapping cocone of the 
morphism P. Notice the case L = 0. 

The previous proposition already contains the necessary ingredients to the proof of Theorem 1.2, 
to which we now proceed. 
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Proof, (of Theorem 1.2) This is similar (tough in a certain sense it goes baekwards) to the proof 
of Theorem 2 in [16]. We expand the identity 

= r^ i+2{s^^'m s~^n (g) ai ■ • • a^) = ri+i{r2{s^^m s~^n) ai • • • ai) + 

i 

+(_l)l™l+i^ Y^ £(cr)r,_fc+2(s~V0rfe+i(s~^n0a„(i)0- • ■0a^(fc))0a^(fc+i)0- ■ -00^(1)) + 

k=QcreS{k,i-k) 
i 

+(_l)l™l(l«l+i)^ ^ £(cr)r,_fc+2(s"^n0»'fe+i(s~^m0a^(i)0---0a^(fc))0a<,(fe+i)0---0a<,(,)) : 

k=0 a&S(k,i-k) 

= (-l)l™l$([m,n]),(ai0---0aO+ 

i 

(_l)l™l+i Y^ Y £(cr)$(m),_fc+i($(n)fc(a^(i) O • • • a<,(fe)) a„(k+i) • • • a<,(,))+ 

A:=0(jeS(fc,i-fc) 
i 

(-l)l'"'+i(-l)l™ll"l+i ^ ^ e(a)<D(n),_fe+i($(m)fe(a,(i)0. • ■Qa„^u))Qa„(k+i)Q- ■ •0a.w) = 

k=OaeS{k,i-k) 

= (-l)l™l$([m, n]),(ai • • • a,) - (-1)'"' [$(m), $(n)],(ai • • • a,) 
to deduce Equation (1.1). 

Similarly we expand the identity 

= r^i+i(s""^m0ai • • • a^) = -rj+i(s"-^£'m ai • • • a^) +r,+i(FTO0ai ■• • 0^) + 

i 

+ X] X] £(CT)r,_fc+i(rfc+i(s"^m0a^(i) 0---0a^(fc)) aff(fc+i) ■■• 00^(1)) + 
fe=iCTeS(fe,i-fe) 

_l_(_l)l™l+i Y Y^ e{a)n^k+2is^^m rfc(a<,(i) • • • a<,(fe)) a^(fc+i) • • • a<,(j)) = 
fe=i(Tes(fc,i_fc) 

= -<^{Dm),{ai • • • a,)+ 

+ X1 Yl £(c^)$(-Cl),_fc+i($("i)fcK(i) ©•••©Mfe))0"'^(fc+i)® •••0"'^W)- 
fc=o o-es(fe,i-fc) 

-(-1)'"' Yl Yl e(cr)$("i)»-fe+i (*(£>)& (a<.(i) • • • a<,(fc)) a<.(fc+i) ■ • • a^(,)) = 

k=lcreS{k,i-k) 

= -^{Dm)^{ai • • • a,) + [$(!)), $(m)],(ai • • • a,) 
to prove Equation (1.3) when \D\ = 1. 

Finally 

-mD,D]),{ai • ■ • aO = r^ ,(ai • ■ • a,) = -[<^{D),<^{D)],{ai • • • a,) 
and by polarization we get Equation (1.2) when both Di, D2 are degree one. 

To conclude we proceed as in the proof of [16] Theorem 3. We observe that all the constructions 
made so far would continue to make sense if we were working with a general commutative DGA A 
(over IK ) as the base ring; though is not clear to the author whether some mild assumption should 
be necessary for the proof of Proposition 4.4 to run smoothly, this is certainly the case if A is a 
free graded commutative K -algebra and M, L and A are free A-modules. 
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For A a free graded commutative K -algebra, we repeat the construction of Definition 4.1 to the 
spht Lie A- algebra h.®M = (A(g)L)©(A(g)y4): working everywhere over A we get a correspondence 
^A : DerA(A ® M,K® L) — > CoderA(S'A(A (g) A)), by the above this preserves the Lie bracket 
of degree one elements. There are isomorphisms A (g) Der(M, L) = DerA(A ® M, A ® L) and 
A (g Coder(S'A) = CoderA(5'A(A ® A)), the second one sends \®Qio the A-coderivation given in 
Taylor coefficients ((A ® q)i, . . . , (A q)i, . . .) by the rule (A €5 g)i((Ai (g) ai) • • ■ (A^ (g a^)) = 
±i<:AAi • • • Ai g) qi(ai • • • a^), with ±k the correct Koszul sign. Finally it is plain to see that 
under the given isomorphisms <1?a = idA 0^ (i.e., higher derived brackets commute with scalar 
extension). 

From the previous considerations (1.2) follows in general: we take A = A(Ai, A2) the free algebra 
over independent variables of degree |Ai| = l — |Di|,z = l,2, then 

(-l)\Di\\>-2\x^X^ (gj ^([Di, D2]) = $a([Ai Di, A2 D2]) = 

= [$a(Ai A), $a(A2 D2)] = (-l)l^ill^^l A1A2 [$pi), $(^2)] 
and factoring away (— 1)I^iII'^^IAiA2 implies (1.2). 

Finally, to prove Equation (1.3) in general, we argue as before in order to conclude that the 
correspondence $ : Der(M, L) k A/ — !► Coder(5'A) : {D,m) — )■ $(£*) + ^(m) is a morphism of 
graded Lie algebras, where Der(A/, i) x M is the semidirect product. D 

We end the section with a list of corollaries to the given proof of Proposition 4.4. 

Corollary 4.6. Let D G Der^(M, L) such that D"^ — 0; then $(£>) is a Loo[l]- structure on A. Let 

Ki he the homotopy fiber of the inclusion of DGLAs i : (L,D, [•,•]) > (M,D, [■,■]), then the 

Lrx,[^]- algebra (A, <i>(_D)) is homotopy equivalent to the Quillen construction on Ki. 

Proof. The first claim is clear from Equation (1.2). For the second, notice that the mapping cocone 
Ci = s^^L M of the inclusion i, with the Loo [1] -structure S defined in Theorem 3.2. sits inside 
the mapping cocylinder (Cylj, Q) as a Loo[l]-subalgebra, in fact a Loo[l]-ideal; similarly A with the 
Loo[l]-structure ^{D) sits inside {s~^M © A,R) of Proposition 4.4 as a Loo[l]-subalgebra (again, 
it is a Loo[l]-ideal). Also notice that the homotopy retraction data from Proposition 4.4 restrict 
to homotopy retraction data from (Ci, si) to {A, $(D)i), then the proof of 4.4 shows that ^{D) is 
the Loc>[l]-strueture on A induced by S via homotopical transfer along this homotopy retraction 
data. Finally, since (Ci, S) is a model for the Quillen construction on Ki the same is true for the 
homotopically equivalent ioo[l]-algebra (A, $(D)). D 

Remark 4.7. In the above hypotheses the computations in Proposition 4.4 easily imply that 
(/i ,...,/„...)= F : ^ ^ S{s-^L) defined by 

f^{al (D ■ ■ ■ Q ai) ^ s^^ i - y2 e(fT)P^[- •• [150^(1), a^(2)] •• • ,0^(1)] 



for i > 1 is a Loo[l]-morphism from {A,^{D)) to the Quillen construction on {L,D, [■, •]). 

Remark 4.8. It seems worthwhile to mention, in light of possible applications to deformation theory, 
that a G A*' is a solution to the Maurer-Cartan equation 

^ i\ 

in the Loc.[l]-algebra (A,$(D)), if and only if e"'' * G L^, where • * • : exp(Af°) x W^ -j- A/^ 
denotes the Gauge action in the DGLA {AI,D, [■, •]) (cf. [13]). This is not hard and left to the 
interested reader. 
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Remark 4.9. Suppose A is a generic algebraic complementary to L in A/ and D 6 Der^(M, L) satis- 
fies D^ = 0. As remarked in the introduction, putting $(_D)i(a) = PDa, the homotopy retraction 
data defined in Proposition 4.4 still restrict to homotopy retraction data from the mapping coconc 
{Ci,S) to {A,^{D)i), so we could use homotopical transfer of structure to define (generalized) 
higher derived brackets on A associated to D in this case as well. 

Another corollary is an easy derivation of the following result, essentially proved in [3]. 

Corollary 4.10. Suppose the graded Lie algebra M splits as M = L (B Ai, M ~ L (S A2, with 
L, Ai, A2 graded Lie suhalgehras of M , and let D G Der {M,L) such that D^ = 0. Denote with 
^k ■ Dcr(Af , L) -^ Coder(S'Afc), fc = 1,2, the respective higher derived brackets constructions, then 
the Loo[^]-algebras (Ai, $i(Z?)), (A2,$2(^)) from Corollary 4-6 are isomorphic. 

Proof. Let k = 1,2, denote with Pk : M -^ A^ the projection with kernel L, with {Ci, S) the 
mapping cocone of the inclusion i and with F^ : {Ak,^k{D)) — !• {Ci,S) the restriction of the 
Loo[l]-morphism constructed in the proof of Proposition 4.4 (cf. Corollary 4.6). In general, given 
a Loo[l]-morphism F with linear part an injective quasi-isomorphism /i, then any DG-left inverse 
gi to /i can be lifted to a left inverse G to F (though we are missing a reference for this, it follows 
from general theory of Ltx3 [l]-algebras as in [9]): applying this to the Loo[l]-morphism Fk on the 
one hand, and to the DG-morphism iTk : (C^, si) — > {Ak, ^k{D)i) : (s~^/, m) -> Ptm on the other, 
we get a Loo[l]-morphism Gk '. {Ci,S) — >■ {Ak,^kiD)), left inverse to Fk and with linear part tt^. 
Finally, the Loo[l]-inorphism G2F1 : {Ai, ^i{D)) —^ {A2, ^2(0)) is an isomorphism, since its linear 
part is the DG-isomorphism {Ai,PiD) -^ {A2,P2D) : a -> P2a (notice P2 - P2P1 = P2Pt = 0, 
since Pi^(A/) =L ). D 

Remark 4.11. Let i : {L,D, [■, ■]) — ^ {M,D, [■, ■]) be an inclusion of DGLAs, and let {N,d) be the 
quotient DG space. To give an algebraic complementary A to L in AI is the same as to give a 
section a : N ^ M, splitting the exact sequence of graded spaces 

^ L ^ M ^ N ^ 0. 

Using homotopical transfer from the mapping cocone (C^, R), as in Remark 4.9, any such a section 
determines a Loo[l]-structure on N, with linear part d. Then, with the same proof as in the 
previous corollary, we see that different choices of a lead to isomorphic Loo[l]-structures on {N, d). 

Corollary 4.12. In the hypotheses of Corollary 4-6, let {N,d) be the DG quotient space of the 
inclusion (L,D) -^ {M,D). If the exact sequence 

-^ {L, D) -^ {M, D) A (iV, d) ^ 

splits in the category of DG spaces, i.e., if there exists a DG niorphism s : {N,d) -^ {M,D) such 
that ps = id-N, then the Loom-algebra {A, $(!?)) is homotopy abelian. 

Proof. In the given hypotheses there exist a DG complementary A' to L in M, i.e., M = L®A' and 
D{A') C A' . Let P' : M -^ A' he the projection with kernel L, and define homotopy retraction data 
from the mapping cocone (Ci, S) to {A' , P'D) as in the proof of Proposition 4.4 (cf. Corollary 4.6 
and Remark 4.9): as observed in the previous remark, the thesis will follow as in the proof of 
Corollary 4.10 if we prove that the Loo [1] -structure on A' induced by homotopical transfer from 
(Ci, S) is the abelian one given by P'D. 

Notice that since A' is D-closed, /i is given by fi : A' ^r Ci : a ^ (0, a). Consider /i as a 
linear morphism of coalgebras: since it is plain to see that s+/i = it follows that F = /i is the 
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unique solution to pF — fi + Ks-^-F, but then we also see that the transferred Loo[l]-structure on 
A' is the one with corestriction 

P'D + TTs+F = P'D + 7rs+/i = P'D 

U 

5. Examples and applications 

Example 5.1. Recall (of. [15, 6]) that every Loo[l]-structure can be obtained via the higher 
derived brackets construction. Let 1/ be a graded space and identify it with an abelian subalgebra 
of Coder(5'y) via the embedding v — > L^, from Remark 2.2, splitting the exact sequence 

^ Coder(ST) A Coder(S'V^) ^V ^Q 

from Remark 2.1. The higher derived brackets construction define a morphism of graded Lie 
algebras $ : Coder(S'T^) — > Coder(S'X^) : R — !> $(i?), we claim that this is just the identity. 

In fact, since V is abelian and P : Coder(5'y) -^ V : R ^ ^(l)j we see that $(i?) is given in 
Taylor coefficients by $(-R)o = i?(l) = tq and ^{R)n{vi ■ • • w„) = [• ■ • [-R, i^J ■ • ■ , L^J\(l) = 
Tnivi ■ • ■ Vn) (cf. Remark 2.2), i.e., $(i?) ~ R a.s claimed. If Q is a Loo[l]-structure on V, 
i.e., Q e Coder^SV) and Q^ = q, by the above Q = $(Q) = $(ad Q) (cf. Remark 4.2): then 
Corollary 4.6 implies the following result, already obtained in [4]. 

Theorem 5.2. Every Loo[^\- algebra (V, Q) is homotopy equivalent to the Quillen construction on 
the homotopy fiber of the inclusion of DGLAs 

I ■ (Coder(57), [Q, •], [., .]) ^ (Coder(5y), [Q, •], [•, •]) 

Remark 5.3. An explicit homotopy equivalence F — (/i, . . . , /i, . . .) from {V,Q) to the Quillen 
construction on the above homotopy fiber can be determined by the computations in this paper 
and those in [5]: first from Remark 4.7 we get a Loo[l]-morphism Adoo = (Adi, . . . , Ad^, . . .) from 
{V, Q) to the Quillen construction on (Coder(S'l/), [Q, •], [•, •]), given explicitly for i > 1 by 

Adj(wi 0---0W,) = s~^([---[Q,Li,J--- ,L^,J -^9,(1,10. ..©«,)) 

(i.e., s Adi(wi • • • w^) is given in Taylor coefficients by s Adi(wi • • • Vi)k{vi+i • • • Vi+k) = 
qi+k{vi • • • Vi+k) for fc > 1). This is the Loo [1] -generalization of the adjoint morphism of a 
DGLA introduced by Chuang and Lazarev in [4]. Then the homotopy equivalence F is explicitly 
given by 

f-y{v) = fi-i (s Adi(i;),t • s Adi(w) + dt ■ L„) 

f^{VlQ■■■Q Vi) = fi-l (s Ad,(wi ■ • • Vi),f ■ S Ad,;(ui Q---(Dv,) + {f ^t)- ^^.(^lO. ..©„,)) 

Notice that this construction offer a way to rectify a given ioo[l]-algebra (i.e., to find an homotopy 
equivalent DGLA) alternative to Quillen's L functor (cf. [8]); also notice, however, that we can 
not rectify morphisms of DGLAs this way. 

As a consequence of Corollary 4.12 we also obtain the following result. 
Theorem 5.4. Let {V,Q) be a Loo[l]-a(9e6ra. If the evaluation morphism 
e : (Coder(5F), [Q, •]) ^ {V, gi) : R ^ R{1) ( = ro ) 
admits a DG right inverse, then the Loo[^]-o-lge-bra {V,Q) is homotopy abelian. 



NON-ABELIAN HIGHER DERIVED BRACKETS 17 

Remark 5.5. The converse of the above theorem is also true , so the hypothesis is a necessary and 
sufficient condition for a Loo[l]-algebra {V,Q) to be homotopy abehan. This can be reformulated 
as the vanishing of the map induced by the adjoint H{Adi) : H{V, gi) — > H{Codei{SV), [Q, •])[!] 
from the tangent cohomology to the reduced Chevalley-Eilenberg cohomology of {V,Q), with the 
ioo[l]-adjoint morphism Adoo defined as in the previous remark. 

Example 5.6. The higher derived brackets construction has been applied to the study of coisotropic 
deformations, cf. [14, 3, 6]. Let X be a differentiable manifold, TX the tangent bundle, we denote 
with Vx = r(/\* TX) the Gerstenhaber algebra of multivector fields on X, equipped with the 
Schouten-Nijenhuis bracket [•, ■]sn '■ Vx <8) Vx -^ V'^''~ . Recall that a Poisson structure on X 
is the datum of a bivector n G Vx such that [7r,7r]57v = 0: as well known (cf. for instance [1], 
Section 3) this induces a Poisson bracket {•, -j^ on the algebra C{X) of smooth functions on X, a 
DGLA structure {s~^Vx, K, 'jsN, [■, ■]sn) on the desuspension s~^V^, and finally an anchor map 
■jY# : T*X — > TX given by contraction with tt. 

Let Z C X be a closed smooth submanifold, recall that Z is coisotropic if the vanishing 
ideal I{Z) C C(X) is {•, -j^-closed, equivalently, if tt*{N*Z) C TZ, where N*Z C T*X is the 
annihilator of TZ. Let NZ be the normal bundle of Z in X, Af'z = r(/\* NZ): restriction to Z 
followed by projection induces an algebra epimorphism Vx -^ J^z^ I'^t ^*z •- Vx be defined by the 
exact sequence 

0^ Cz^V*x^N*z^O 

As in [1], Proposition 5.2, C*^ is a sub Gerstenhaber algebra of V^, and Z is coisotropic if and 
only if TT S C?z- When X is the total space of a vector bundle on Z (and Z is embedded as the 
zero section) the above sequence admits a natural splitting, whose desuspension sends s^^M^ onto 
an abelian subalgebra of s~^V^, cf. for instance [3, 14]: in general one reduces to this situation 
with the choice of an embedding of N Z onto a tubular neighborhood of Z in X. For a coisotropic 
Z the higher derived brackets $(7r) = $(ad tt) (cf. Remark 4.2) induce a Loo[l]-structure on 
s^^Afz, moreover it follows from Corollary 4.10 (cf. also Remark 4.11) that the resulting Loo[l]- 
algebra (s^^A/'^, '&(7r)) is independent from the involved choice up to isomorphism, obtaining a 
result already proved in [3]. 

It is known (cf. [14]) that the ioo[l]-algcbra (s^^Afx, ^(tt)) governs the functor of infinitesimal 
coisotropic deformations of Z in X (via the associated deformation functor, cf. [13, 5]): as homo- 
topically equivalent ioo[l]-algebras determine the same deformation functor. Corollary 4.6 implies 
the following theorem. 

Theorem 5.7. Let (AT, tt) be a (differentiable) Poisson manifold, Z <Z X a coisotropic submanifold, 
then the homotopy fiber Ki of the inclusion of DGLAs 

i : {s^^C*z, [tt, ■]sn, [•, •]sw) ^ {s^^Vx, [tt, ■]sn, [•, ■]sn) 
governs the functor of infinitesimal coisotropic deformations of Z in X. 

The same result could have been proved by the methods of [1]. 

Example 5.8. Let A be a unital graded algebra, denote with Al the corresponding graded Lie 
algebra, with the commutator bracket, and with Aj the corresponding Jordan algebra, with Jordan 
product aob = i(a6+( — l)l°ll^'6a). Identify A^ with a Lie subalgebra of Hom(yl) via the embedding 
A : Al -^ Ilom(yl) : a -^ A(a). where A(a) is the operator of left multiplication by a. We have 
a projection P : Hom(A) -^ Al : f ^ A(/(l)), whose kernel i = {/ G Hom(A) s.t. /(I) = 0} 
is a graded Lie subalgebra of Hom(^). We are in the set up of Section 4, so higher derived 
brackets define a morphism of graded Lie algebras $ : Hom(^) -^ Coder(iS'A) : / — > $(/). When 
A is (graded) commutative, the $(/)i defined in this way are the usual higher Koszul brackets 
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associated to / [10, 15], in the non commutative case we expect to recover the hierarchy of non- 
abehan higher Koszul brackets introduced by Bering in [2] , Section 3 (though we omitted to verify 
this passage). 

To get a taste of how do the just defined brackets look hke in the non commutative case, one 
can easily verify that $(/)i(a) = /(a) - i(/(l)a + (-l)l''ll-^la/(l)) = /(a) - /(I) o a for every 
a € A; a.s another example let / <S Hom(^) such that /(I) = 0, then it is plain to check that 
^(/)2(a 6) = f{a o 6) — /(a) o 5 — (— l)l"ll-''la o /(6). We could define a family of subspaces 
-C'fe = {/ € Hom(j4) s.t. $(/)i = 0, Vi > fc} for /c > 0, since $ is a Lie algebras morphism the 
identity [Di,Dj] C Di^j^i follows immediately, in particular lJ/c>o -^fc ^^ ^ graded Lie subalgebra 
of Hom(A): when A is commutative Dfc C Hom(A) is the subspace of differential operators of 
order A: on ^, it is not clear to the author whether the Dk define interesting classes of operators 
in the non commutative case as well (cf. also the next remark). 

Remark 5.9. We believe that meaningful constructions of "higher derived operations" could be 
performed in different operadic contexts by the methods of this paper. For instance let i? be a 
graded algebra that splits, as a graded space, in the direct sum B ~ A® C oi graded subalgebras 
A and C, then for every D £ Dcr^(i?, A) such that D^ = it is induced via homotopical transfer of 
structure an A^o [l]-structurc on C, that is a squaring to zero degree one coderivation on the reduced 
tensor coalgebra TC over C. We believe, and some sketchy computations seem to confirm it, that 
this correspondence extends to a morphism of graded Lie algebras $ : Dei{B,A) -^ Coder(TC). 
Moreover we expect this to commute with the constructions of this paper in the following sense: if 
we denote with A^ and B^ the corresponding graded Lie algebras, with bracket the commutator, 
and with Sym : Coder(rC) — > Codcr(5'C) the symmetrization operator, then the following should 
be a commutative diagram of morphisms of graded Lie algebras 

Der(S, A) ^ Coder(TC) 

Sym 

Dcr{BL,AL) -^^ Codci(SC) 

where the morphism in the bottom line is the one from Theorem 1.2: there may be a connection 
with some of the results of [11]. In the set up of the previous Example, one could perhaps give a 
more interesting construction of nonsymmetric higher Koszul brackets working along these lines. 

Example 5.10. Let {L,D, [•, •]) be a DGLA, then L = L^° ® L<°, where L^° = ®,>oL^ (resp.: 
L<" = ®i<oL*): notice that both L^° and L<° arc Lie subalgebras and D{L^°) C L-°, thus 
we are in the set up of Section 4 and via the higher derived bracket construction we obtain a 
Loo [1] -structure ^{D) on L^". To compute this explicitly, it is convenient to rewrite the brackets 
in Definition 4.1 as 

i—k 

$p),(/l Q...Qk)=Y^ klul'kV, E e^r^^d- ■ • [^^^'.(1), ^.(2)] • • • ]), ^.(fc+1)] • • • , lai^)] 
k=2 '^ '' o-eSi 

for i > 3, <i>(£')2(^i 0^2) — —Bi J2ai£S2 ^(''')^[^^-^'ct(i): '(t(2)]- The reader should have no problem 
in recognizing the equivalence of the above expression and the one in Definition 4.1, using the fact 

that A is [•, •]-closcd and the identity X]fe=o ^k [ , I = for i > 2. Notice that P^D acts on 

L"^° as D on L^^ and elsewhere, also notice that all the P in the above formula are irrelevant. 
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since they apply to elements already in L^". Thus 

D 

for j > 3; and the same formula applies for i ~ 2; finally $(-D)i = PD which is on L~^ and D 
on L"^^^. These are essentially the same as the ones introduced by Getzler in [7]. 
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